of F . All irreducible admissible C-representations of G are constructed from the irreducible admissible supercuspidal C-representations of the Levi subgroups of G using parabolic induction.
When c = p, the finite group analogue H(k) of G, where H is a connected reductive group over a finite field k of characteristic p, admits no irreducible supercuspidal C-representation [CE04, Thm.6 .12].
For C = F alg p , irreducible admissible supercuspidal C-representations have been constructed for some rank 1 groups:
P GL(2, Q p ) Breuil [Bre03] after the pionner work of Barthel-Livne [BL94] ; this was the starting point of the Langlands p-adic correspondance (Colmez and al.), P GL(2, F ), Paskunas [Pas04] , [BP12] , using G-equivariant coefficient systems on the adjoint Bruhat-Tits building of G, SL(2, Q p ) [Abd14] , [Che13] , U (1, 1)(Q p ) unramified [Koz16] , U (1, 2)(F ) unramified and p = 2 [KX15] . The irreducible admissible supercuspidal C-representation of G will be a subquotient of a subrepresentation ρ Γ C := C(Γ\G) ∞ (smooth induction of the trivial C-representation) for a discrete cocompact subgroup Γ of G [BH78] . The proof is local and uses a criterion of supercuspidality proved with R. Ollivier for C algebraically closed [OV, Thm 3] and that we extend to any C:
Proposition 1.2. [Supercuspidality criterion] Assume c = p. An irreducible admissible Crepresentation π of G is supercuspidal if and only if it contains a non-zero pro-p-Iwahori invariant supersingular element if and only if π is supersingular (all pro-p-Iwahori invariant elements of π are supersingular).
The equivalence supercuspidal ⇔ supersingular follows also from the classification [HV17, Thm.9]. Let B denote an Iwahori subgroup of G and H C (G, B) the Iwahori Hecke C-algebra. To prove the theorem, we pick a non-zero supersingular element v in C[Γ\G/B] and an irreducible quotient π of the subrepresentation of ρ Γ C generated by v. Then π is admissible (ρ Γ C is admissible and a = 0) and contains a non-zero B-invariant supersingular element, hence is supercuspidal by the supercuspidality criterion.
We explain now the meaning of supersingular, why we exclude P GL(m, D) and P U (h) and how we prove Prop.1.3.
We choose a minimal parabolic F -subgroup B of G containing a maximal F -subtorus T. Bruhat and Tits associated to them an affine Coxeter system (W, S), parameters q s = q d (s) for s ∈ S, where q is the residue field of F and the d(s) are integers ≥ 1, and a commutative group Ω acting on the Dynkin diagram Dyn of (W, S) decorated with the parameters d(s). The diagram Dyn is the completed Dynkin diagram of a reduced root system Σ.
The Iwahori Hecke ring H(G sc , B sc ) of an Iwahori subgroup B sc of the simply connected cover G sc of the derived group of G is isomorphic to the Hecke ring H := H(W, S, q s ) associated to (W, S), (q s ) s∈S , and the Iwahori Hecke ring H(G, B) is isomorphic to H := Z[Ω] ⋉ H(W, S, q s ). To each cocharacter µ ∈ X * (T ) of T is associated a central element z µ of H [Vig17] . Write H C := C ⊗ H. When c = p, an element v in a right H C -module is called supersingular if vz n µ = 0 for all µ ∈ X * (T ) dominant but µ −1 not dominant and n ∈ N large. A simple right H C -module M C which is the B-invariants of an irreducible admissible square integrable modulo center C-representation of G is called discrete. If G is semi-simple, M C is discrete if and only if the simple components of its restriction to H sc C are discrete; the equivalence uses Casselman's criterion of square integrability [Cas, §2.5 Assume that G is absolutely simple adjoint. If the type of Σ is A ℓ (ℓ ≥ 2), the parameters are equal and G = P GL m (D) for a d 2 -dimensional central division F -algebra D (m ≥ 2, d ≥ 1). If the type of Σ is A 1 and the two parameters are equal, then G = P U (h) is the adjoint unitary group of a split hermitian form h in 3 variables over a ramified quadratic extension of F [Tit79, §4] .
When the type of Σ is different from A ℓ (ℓ ≥ 1) if the parameters are equal, we find a simple discrete
-When the type is B ℓ (ℓ ≥ 3), C ℓ (ℓ ≥ 2), F 4 , G 2 , or A 1 with two distinct parameters, then H sc C admits a discrete character which is not the special character [Bor76, 5.9] 1 . By extending or inducing such a character, we construct a simple discrete right H C -module of dimension ≤ 2 with a natural H-integral structure. As we avoided the Steinberg character, the reduction modulo p of the H-integral structure is a supersingular H Fp -module. See Prop. 5.2.
-When the type is D ℓ (ℓ ≥ 3), E 6 , E 7 , E 8 , the group G is F -split [Tit79, §4] . The image by a natural involution of H C of the reflection right H C -module of C-dimension |S| is discrete [Lus83, 4.23 A similar argument for an irreducible admissible supercuspidal complex representation of G produces an integral structure with admissible reduction (Cor. 6.5).
1 In Borel, the Iwahori group is the fixerZ0B of an alcove, whereZ0 is the maximal compact subgroup of a minimal Levi subgroup; if G is F -split,Z0B = B Returning to G general, Kret proved that G admits irreducible admissible supercuspidal complex representations [Kre12] (if a = 0 [BP16] When (a, c) = (0, p), P GL(m, D) and P U (h) should also admit an irreducible admissible supercuspidal C-representation. We miss P GL(m, D) and P U (h) because we do not know the integrality properties of the unramified irreducible admissible complex representations of G corresponding to the integral reflections modules of the generalized affine Hecke algebras of supersingular reduction modulo p. The missing cases will probably be completed by Herzig with a global method for P GL(m, D) and by Koziol with coefficient systems on the tree for P U (h).
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Iwahori Hecke ring
We review in this section the parts of the theory of Iwahori Hecke algebras [Vig16] , [Vig14] , [Vig17] appearing in the proof of the key proposition 1.3.
Let G be a reductive connected F -group, T a maximal F -split subtorus of G, B a minimal F -parabolic subgroup of G containing T, and x 0 a special point of the apartment of the adjoint Bruhat-Tits buiding defined by T. Associated to the triple (G, T, B, x 0 ) are: the center Z(G) of G, the root system Φ, the set of simple roots ∆, the G-centralizer Z of T, the normalizer N, the unipotent radical U of B, (hence B = ZU), the triples (G sc , T sc , B sc ) and (G ad , T ad , B ad ) for the simply connected covering and the adjoint group of the derived subgroup of G, the natural homomorphisms 
where ℓ is the length on W associated to S extended toW by
The unique parahoric subgroup Z 0 of Z := Z(F) is contained in the maximal compact subgroupZ 0 . When G is F -split or semi-simple simply connected, Z 0 =Z 0 . The group N/Z 0 is isomorphic toW , acts on the apartment and forms a system of representatives of the double classes of G modulo B. The subgroup Λ = Z/Z 0 of N/Z 0 is commutative finitely generated of torsionZ 0 /Z 0 acting by translation on the apartment, the quotient map N/Z 0 → N/Z splits, identifying the (finite) Weyl group W 0 of Σ with the fixer in W of a special vertex of the alcove C. The semi-direct product Λ ⋊ W 0 is equal toW and Λ sc ⋊ W 0 = W where Λ sc := Λ ∩ W . An element λ ∈ Λ is called dominant (and
For λ ∈ Λ and n ∈ N large, λ n ∈ Λ T , and χ, λ n is defined for any character χ ∈ X * (T ). The fixer of the alcove
Proof. Write u ∈ Ω as u = λw 0 with λ ∈ Λ, w 0 ∈ W 0 . As w 0 fix a special point of C, λ does also. As λ acts by translation on the apartment, λ fixes C. As λ and u fix C, w 0 fixes also C hence w 0 = 1.
The action of Ω on the alcove C and the embeddings of Λ and Ω intoW induce isomorphisms 
The invertible elements in the dominant monoids Λ + and X * (T ) + are the subgroups Λ Z(G)Z 0 and ∩ α∈∆ Ker α. Only the trivial element is invertible in the dominant monoid
The generalized affine ringH contains the commutative subring A of Z-basis (E λ ) λ∈Λ . When G = Z, the Bernstein elements are simply the classical elements T Z λ , and the Iwahori Hecke ring
Lemma 2.3. A is finitely generated as an A T -module and as a Z[Λ Z(G) ] × A sc -module.
A + is finitely generated as an A 
Supersingular and discrete modules
Let C be a field of characteristic c and the Iwahori Hecke C-algebras
, isomorphic to the affine and generalized affine Hecke C-algebras
This section introduces the supersingular rightH C -modules when c = p (there are none when c = p) and the discrete simple right H C (G, B) modules. We denote by Mod C (G, B) and Mod C (H(G, B)) the categories of C-representations of G generated by their B-invariant vectors and of right -c) The quotient map f : 
for any character χ of Z contained in δ 
Hence χ is contained in δ Lemma 3.9. For a character χ : A → C, the following properties are equivalent:
Conversely, (i) implies that for λ ∈ Λ + and n ∈ N large with λ n ∈ Λ + T we have |χ(θ n λ )| ≤ 1. This implies |χ(θ λ )| ≤ 1 hence (ii). The arguments of the equivalence between (i) and (iii) are similar using Lemma 2.2.
Proposition 3.10. A simple right H C (G, B)-module M is discrete if and only if Λ Z(G) acts on M by a unitary character and the simple components of
Proof. Lemma 3.9 (iii).
Characters
In this section, C is a field of characteristic c and G is absolutely simple. We give the characters H → C which extend toH. This is an exercice, already in the litterature when C = C is the complex field [Bor76] .
For distinct s, t ∈ S, the order n s,t of st is finite except if the type is A 1 . In the finite case,
The T s for s ∈ S and the relations (2.2), (4.1) give a presentation of H. A presentation ofH is given by the T u , T s for u ∈ Ω, s ∈ S and the relations (2.2), (4.1) and 
When m > 1, we fix a numerotation such that |S 1 | > |S 2 | when m = 2 (except for A 1 where S 1 = {s 1 }, S 1 = {s 2 }) and 
Proof. Proof. A special complex character of H C extending the B sc -invariant of the Steinberg complex representation of G sc , is discrete and integral but its reduction modulo p is not supersingular. A trivial complex character is not discrete. The discrete non-special characters complex characters are integral of supersingular reduction modulo p. The discrete non-special characters χ : H → C were computed by Borel [Bor76, 5.8] and those extending toH have been described in Prop. 4.4(i). Applying Prop. 3.10, we have:
-if a discrete non-special character of H C extends toH C , we obtain a simple discrete integralH C -module M C of supersingular reduction modulo p and of dimension 1.
-if H C admits discrete non-special characters complex characters but none extends toH C . Using Prop. 4.4(ii), we obtain a simple discrete integralH C -module M C of supersingular reduction modulo p and of dimension 2.
-if the special character is the only discrete character of H C , the reflection leftH Z[q 1/2 ] -module M , free of rank |S| over Z[q 1/2 ] has a supersingular reduction modulo P . The left H C -module M C is discrete when the type is different from A ℓ (ℓ ≥ 1) [Lus83] .
These are the main lines of the proof. We give the details in the rest of this section.
Instead of χ = (χ i ) as in section §4, we write χ = χ (ǫ i ) where C 2 with parameters (1, 2, 2), (2, 3, 3) , C 3 with parameters (2, 1, 1), C 4 with parameters ((d, d, d), (2, 1, 1), C 5 with parameters (d, d, d), (2, 1, 1), (2, 3, 3) . We consider now the types D ℓ (ℓ ≥ 2), E 6 , E 7 , E 8 . Then G is F -split and for distinct s, t ∈ S, the order n s,t of st is 2 or 3 [Tit79, §4]. 
Proposition 5.2. There exists a discrete non special rightH
for s = t, qe t for s = t, n s,t = 2, qe t + q 1/2 e s for s = t, n s,t = 3.
of image by the automorphism T w → (−1) ℓ(w) T * w for w ∈W , satisfying
for s = t, n s,t = 2, −e t + q 1/2 e s for s = t, n s,t = 3.
The reduction modulo P of this left H Z[q 1/2 ] (G, B)-module, say M , is the F p -vector space of basis (e s ) for s ∈ S with the structure of left H(G, B)-module satisfying for s, t ∈ S, u ∈ Ω, T u (e t ) = e u(t) , T s (e t ) = 0 for s = t, −e t for s = t, 
Admissible integral structure via discrete cocompact subgroups
Let E be a number field of ring of integers O E , P E a maximal ideal of O E with residue field k = O E /P E , and C/E a field extension.
Definition 6.1. We say that a C-representation π of G a) descends to E if there exists an E-representation V of G and a G-equivariant C-linear
is finitely generated, and the natural map ϕ :
We give analogous definitions for a H C (G, B)-module.
For any commutative ring A and a discrete cocompact subgroup Γ of G, let ρ Γ A denote the smooth A-representation of G acting by right translation on 
where vol Γ is the volume of Γ\G for a G-invariant measure induced by a Haar measure on G. By the limit multiplicity formula, the sequence (m Γn,dg (π)) converges, and its limit is not 0 ([DKV84, Appendice 3] plus [Kaz86] ). 
1) If
ϕ : C ⊗ E V → π is an E-structure of π, then ϕ B : C ⊗ E V B → π B is an E-structure of π B ,
and the natural map Hom
We recall a general result in algebra [Bou12, §12, n o 2 Lemme 1]: Let C/C ′ be a field extension, A a C ′ -algebra. For A-modules M, N , the natural map
is injective, and bijective if C/C ′ is finite or the A-module M is finitely generated.
is an E-representation of G generated by the characteristic function of B (resp. irreducible).
2) The functors π → π B -invariants and its left adjoint T commute with scalar extension from E to C and when C = C, are inverse equivalences of categories (Fact 3.4). Hence 
Supercuspidality criterion
This section contains the proof of Proposition 1.2. We use the description of the scalar extension of an irreducible admissible representation π of G (a theorem with Henniart [HV17] ).
The commutant D of π is a division algebra of finite dimension over C. Let E denote the center of D, E s /C the maximal separable extension contained in E/C and δ the reduced degree of D/E. Let C alg be an algebraic closure of C containing E and π C alg the scalar extension of π from C to C alg . It is straightforward to deduce, using that parabolic induction commutes with scalar extension from C to C alg , Aut C (C alg ), descent and finite direct sums, the following compatibility between supercuspidality and scalar extension from C to C alg : H(G, B) and we refer the reader to [Vig16] and to [Vig17] for the description of H(G, U) and of the supersingular right H C (G, U)-modules. It is easy to see that the U-invariant functor and supersingularity commute with scalar extension from C to C alg , Aut C (C alg ), descent and finite direct sums.
Fact 7.1. [HV17] The length of π C alg is δ[E : C] and
We prove Proposition 1.2, by descending to C the supercuspidal criterion proved over C alg with Ollivier in [OV, Thm.3] .
Suppose that π contains a non-zero U-invariant supersingular element. Some irreducible subquotient ρ of π C alg does also. By the supercuspidality criterion over C alg , ρ is supercuspidal and the H C alg (G, U)-module ρ U is supersingular. A descent ρ ′ of ρ to a finite extension C ′ /C is also supercuspidal and ρ ′ U is also a supersingular H C ′ (G, U)-module. As ρ ′ is π-isotypic as a C-representation, ρ ′ U is a direct sum of π U as a H C (G, U)-module. Hence π is supercuspidal and the H C (G, U)-module π U is supersingular.
Conversely, suppose that π is supercuspidal. By Prop.7.2, an irreducible subquotient ρ of π C alg is supercuspidal. By the supercuspidality criterion over C alg , the H C alg (G, U)-module ρ U is supersingular. As above, we deduce that the H C (G, U)-module π U is supersingular. Step 2 shows that if G admits an irreducible admissible supercuspidal representation over a finite extension of F c then G does over F c .
Indeed, let C/C ′ be a finite field extension and π and irreducible admissible C-representation of G. Then π is admissible and finitely generated as a C ′ -representation of G. This implies that π contains an irreducible admissible C ′ -representation π ′ ([HV12, Lemma 7.10] for c = p and the next lemma for c = p). By adjunction, π is a quotient of the scalar extension π ′ C of π ′ from C ′ to C. We prove that if π is supercuspidal then π ′ is supercuspidal. Suppose that π ′ is not supercuspidal, subquotient of ind G P τ ′ for a proper parabolic subgroup P of G and τ ′ an irreducible admissible C ′ -representation of a Levi subgroup M of P . The parabolic induction is compatible with the the scalar extension from C ′ to C, hence π ′ C is a subquotient of ind 
By §7, π L alg has finite length, the irreducible subquotients of π L alg are absolutely irreducible, admissible, supercuspidal and descend to a finite extension C ′ /C, and the descents are π-isotypic as C-representations of G. Therefore τ L alg has the same properties. We deduce that the extension τ L ′ of τ from L to a finite extension L ′ of L has finite length, the irreducible subquotients of τ ′ are absolutely irreducible, admissible, supercuspidal and τ -isotypic as L-representations of G. This implies that τ is supercuspidal.
To end the proof of Prop.1.4, it remains to prove the lemma announced in
Step 2:
Lemma 8.1. Assume c = p. An admissible finitely generated C-representation π of G has finite length.
Proof. The extension π C alg of π from C to C alg is also admissible finitely generated. The lemma is known when C is algebraically closed [Vig96, II.5.1] hence π C alg has finite length, implying that π has finite length.
9. Reduction to an absolutely simple adjoint group
As well known, the adjoint group G ad of G is F -isomorphic to a finite product of reductive connected F -groups
where H := H(F ) is compact (hence any smooth irreducible C-representation of H is admissible and supercuspidal), the F ′ i /F are finite separable extensions and The proposition is the combination of the Propositions 9.2, 9.4, 9.5, 9.8 corresponding to the operations: finite product, central extension, scalar restriction, with C algebraically closed or finite. 1) Finite product Let G 1 , G 2 be two connected reductive F -groups and σ, τ irreducible admissible C-representations of G 1 := G 1 (F ), G 2 := G 2 (F ).
Proposition 9.2. Assume that C is algebraically closed.
a) The tensor product σ ⊗ C τ is an irreducible admissible C-representation of 
When c = p, the C-representation of G 1 generated by π K 2 is admissible as π K 1 ×K 2 is finite dimensional over C. It contains an irreducible admissible C-subrepresentation σ [HV12, Lemma 7.10]. Let τ := Hom G 1 (σ, π) with the natural action of G 2 . The representation σ ⊗ C τ embeds naturally in π; as π is irreducible, it is isomorphic to σ ⊗ C τ , and τ is irreducible. As π is admissible, τ is admissible 
d) The parabolic subgroups of G 1 × G 2 are product of parabolic subgroups of G 1 and of G 2 . Let P, Q be parabolic subgroups of G 1 , G 2 of Levi subgroups M, L and let π 1 be an
we have a natural isomorphism ind
P ×Q π 1 . The irreducible subquotients of ind G 1 ×G 2 P ×Q π 1 are the tensor products of the irreducible subquotients of ind 2) Central extension The natural surjective F -morphism G i − → G ad of kernel Z(G) induces between the F -points an exact sequence Proof. It suffices to prove: π not supercuspidal ⇒ allρ not supercuspidal, and then, someρ not supercuspidal ⇒ π not supercuspidal. We check first the compatibility of the parabolic induction with − • i.
(i) The parabolic F -subgroups of G and of G ad are in bijection. If the parabolic F -subgroup P of G corresponds to the parabolic F -subgroup Q of G ad , i restricts to an isomorphism between their unipotent radicals [Bor91, 22.6 Thm.], sends a Levi subgroup M of P onto a Levi subgroup L of Q, and induces between the F -points the exact sequence: (F, Z(G) ).
We have Proof. The scalar extension (π ⊗ C V ) C alg of π ⊗ C V to an algebraic closure C alg of C is isomorphic to π C alg ⊗ C V C alg . The length of π ⊗ C V is bounded above by the length of (π ⊗ C V ) C alg and a C-representation of G is admissible if and only if its scalar extension from C to C alg is admissible. By Fact 3.3, the length of the C alg -representation π C alg ⊗ C V C alg of G is the product of the finite lengths of π C alg and of V C alg , and its irreducible subquotients are π i ⊗ χ for the irreducible quotients π i of π C alg and the C alg -characters χ of L trivial on i(M ). As π i is admissible, π i ⊗ χ is admissible, and all subquotients of π C alg ⊗ C V C alg are admissible.
3) Scalar restriction Let F ′ /F be a finite separable extension, G ′ a connected reductive F ′ -group and G := R F ′ /F (G ′ ) the scalar restriction of G ′ from F ′ to F . As topological groups, G ′ := G ′ (F ′ ) is equal to G := G(F ). By [BT65, 6.19 
